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Noncommutative Quantum Mechanics and Seiberg-Witten Map
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In order to overcome ambiguity problem on identification of mathematical objects in noncommu-
tative theory with physical observables, quantum mechanical system coupled to the NC U(1) gauge
field in the noncommutative space is reformulated by making use of the unitarized Seiberg-Witten
map, and applied to the Aharonov-Bohm and Hall effects of the NC U(1) gauge field. Retaining
terms only up to linear order in the NC parameter θ, we find that the AB topological phase and the
Hall conductivity have both the same formulas as those of the ordinary commutative space with no
θ-dependence.
PACS numbers: 11.10.Nx, 03.65.-w, 03.65.Vf
I. INTRODUCTION
Recently, remotivated by string theories noncommutative (NC) spacetimes have been drawn much attention in
field theories[1, 2, 3, 4, 5, 6, 7] as well as their phenomenological implications[8, 9, 10, 11, 12, 13]. One of the most
interesting things in NC field theories is that even the U(1) gauge group has non-Abelian like characters such as
self-interactions.
As applications of this NC U(1) gauge theory, there are many papers concerning the Aharonov-Bohm (AB) effect[14,
15, 16] and the Hall effect[17, 18, 19, 20, 21] in the two-dimensional NC space. However, results seem to be divergent,
some show deviations[14, 15, 16, 18, 19] and others no deviations from the ordinary commutative theories[17, 20].
This may come from the fact that though they discussed both effects based on NC quantum mechanics, but the NC
U(1) gauge invariance has not been considered enough in their papers.
Furthermore, even if we calculate all quantities in the NC U(1) gauge-invariant way, we always encounter the
ambiguity of how to identify mathematical objects with physical observables[9]. For instance, the NC U(1) gauge
field strength has the NC U(1) gauge covariance, but not the conventional U(1) gauge invariance, so that we cannot
identify the NC U(1) gauge field strength with the physical electromagnetic field.
In order to overcome the above problem, we make use of the Seiberg-Witten (SW) map[1, 22]. The SW map
transforms the NC U(1) gauge system into the usual U(1) gauge field system in the commutative space, and the NC
U(1) gauge transformation into the usual U(1) gauge one. Thus, the SW map permits us to consider the NC effect
as the usual gauge theory with non-standard couplings.
In this paper, we consider the NC quantum mechanical system minimally coupled to the NC U(1) gauge field. By
making use of the SW map, this NC system is transferred into an equivalent commutative system with the usual U(1)
gauge symmetry but with non-minimal couplings. As applications, we reconsider the AB effect and the Hall effect in
the NC space.
In Sec.II, we reformulate NC quantum mechanics in terms of the SW fields, which have the usual gauge symmetry
in the commutative space. For this purpose, we use the unitarized SW map, which is modified from the original map,
in order to make the SW map norm-preserving.
In Secs.III A and III B, the AB topological phase and the Hall effect are considered, respectively. The final section
is devoted to concluding remarks.
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2II. CORRESPONDENCE BETWEEN NC QUANTUM MECHANICS AND QUANTUM MECHANICS
IN COMMUTATIVE SPACE
A. commutative space coordinates
The noncommutative space can be realized by commutation relations,[
xˆi , xˆj
]
= i θij ,
[
xˆi , pˆj
]
= i δij ,
[
pˆi , pˆj
]
= 0 , i, j = 1, 2, · · · , n , (2.1)
where xˆ are coordinate operators, the noncommutativity parameter, θ and pˆ momentum operators.
Let us define zˆ by the Bopp shift [23],
zˆi := xˆi +
1
2
θij pˆj . (2.2)
This obeys ordinary commutation relations[
zˆi , zˆj
]
= 0 ,
[
zˆi , pˆj
]
= i δij ,
[
pˆi , pˆj
]
= 0 , i, j = 1, 2, · · · , n . (2.3)
Because zˆ is commutative, we can define the ordinary eigenstate | ~x 〉 with eigenvalue xi of zˆi by
zˆi | ~x 〉 = xi | ~x 〉 . (2.4)
Since the Hamiltonian is the time-translation operator, the Schro¨dinger equation for any state | ψ(t) 〉 always holds
H (xˆ, pˆ) | ψ(t) 〉 = i d
dt
| ψ(t) 〉 . (2.5)
By using Eq.(2.4), the coordinate representation of this equation is given by
〈 ~x | (xˆ, pˆ) | ψ(t) 〉 = 〈 ~x | (zˆj − θjk pˆk/2, pˆj) | ψ(t) 〉
= H
(
xj + i θjk∂k/2, −i ∂j
) 〈 ~x | ψ(t) 〉 = i ∂
∂t
〈 ~x | ψ(t) 〉 . (2.6)
This equation (2.6) enable us to interpret a quantum mechanics in the NC space as the one in the commutative space.
However, there remains the problem of how to identify the NC variables with physical observables.
B. NCQM coupled to NC U(1) gauge field
Hereafter we consider NC quantum mechanical system minimally coupled to NC U(1) gauge filed. The Schro¨dinger
equation is given by
i
(
d
dt
− i g A0(xˆ, t)
)
| ψ(t) 〉 = 1
2m
[
pˆj − g Aj(xˆ, t)
]2 | ψ(t) 〉 , (2.7)
where Aµ(xˆ, t) (µ = 0, i) is the NC U(1) gauge field.
In order to interpret the system as a usual quantum mechanics coupled to the usual U(1) gauge field in the
commutative space, we can use the Seiberg-Witten map[1, 22], which is usually given as
Aµ(~x, t) := Aµ(~x, t) + g
2
Aρ(~x, t) θ
ρσ
[
∂σAµ(~x, t) + Fσµ(~x, t)
]
, (2.8)
Fµν(~x, t) := 2 ∂[µAν](~x, t) = Fµν(~x, t)− g θρσ
(
Fµρ(~x, t)Fνσ(~x, t)−Aρ(~x, t)
[
∂σFµν(~x, t)
])
+O(θ2) , (2.9)
〈 ~x | ψSW(t) 〉 := 〈 ~x | ψ(t) 〉 − g θ
ρσ
2
Aσ(~x, t) ∂ρ〈 ~x | ψ(t) 〉 , (2.10)
where Fµν is the NC U(1) gauge field strength defined by
Fµν := ∂µAν − ∂νAµ − i g
[
Aµ, Aν
]
⋆
, (2.11)
3with the Moyal ⋆-product.
However the transformation (2.10) is not unitary, that is, not norm preserving. Since it is convenient to use unitary
transformations in (NC) quantum mechanics, we make the usual SW map so as to be unitary in the following: The
desired map is induced by the unitary operator,
Uˆ := exp
(
− i g
4
θkl
[
pkAl(xˆ, t) +Al(xˆ, t)pk
])
. (2.12)
This induces a transformation in a state as
| ψ(t) 〉 −→ | ψ′(t) 〉 = Uˆ | ψ(t) 〉 , (2.13)
〈 ~x | ψ′ 〉 = 〈 ~x | ψ 〉 − g θ
kl
2
∂k
[
Al(~x, t) 〈 ~x | ψ 〉
]
+O(θ2) , (2.14)
similar to the usual SW map (2.10). Under the NC U(1) gauge transformation, δ〈 ~x | ψ 〉 = i λ ⋆ 〈 ~x | ψ 〉, the new
field 〈 ~x | ψ′ 〉 is transformed as a fundamental field of the usual U(1) gauge group, that is,
δ〈 ~x | ψ′ 〉 = i g λSW 〈 ~x | ψ′ 〉+O(θ2) , (2.15)
where
λSW := λ+
g
2
θρσAρ(∂σλ) , (2.16)
and also,
δAµ = ∂µλSW +O(θ2) , δFµν = 0 +O(θ2) . (2.17)
In terms of the commutative coordinate (2.2), i.e., zˆi = xˆi − θij pˆj/2 and the Seiberg-Witten fields A, F and | ψ′ 〉,
we obtain
Uˆ
(
pˆi − g Ai(xˆ, t)
)
Uˆ † = pˆi − gAi(zˆ, t) + g θ
kl
2
Oˆkl,i(zˆ, t) +O(θ2) , (2.18)
Uˆ i
(
d
dt
− i g A0(xˆ, t)
)
Uˆ † = i
(
d
dt
− i gA0(zˆ, t) + i g θ
kl
2
Oˆkl,0(zˆ, t)
)
+O(θ2) , (2.19)
where
Oˆkl,µ(zˆ, t) := 1
2
{
pˆk − gAk(zˆ, t) , Fµ l(zˆ, t)
}
, (2.20)
and { , } is the anti-commutator. A(zˆ, t) and F(zˆ, t) are operator representations of Eqs.(2.8) and (2.9),
Aµ(zˆ, t) := Aµ(zˆ, t) + g
2
Aρ(zˆ, t) θ
ρσ
[
∂σAµ(zˆ, t) + Fσµ(zˆ, t)
]
, (2.21)
Fµν(zˆ, t) := 2 ∂[µAν] = Fµν(zˆ, t)− g θρσ
(
Fµρ(zˆ, t)Fνσ(zˆ, t)−Aρ(zˆ, t)
[
∂σFµν(zˆ, t)
])
+O(θ2) . (2.22)
Finally, by collecting Eqs.(2.18) and (2.19), the Schro¨dinger equation for | ψ′(t) 〉 becomes
i
(
d
dt
− i gA0(zˆ, t) + i g θ
kl
2
Oˆkl,0(zˆ, t)
)
| ψ′(t) 〉 = 1
2m
(
pˆi − gAi(zˆ, t) + g θ
kl
2
Oˆkl,i(zˆ, t)
)2
| ψ′(t) 〉 . (2.23)
This equation (2.23) permits us to interpret a NC quantum mechanics minimally coupled to the NC U(1) gauge field
as a quantum mechanics non-minimally coupled to a usual U(1) gauge field in commutative space.
It is worthwhile to note that, when we regard the SW gauge field as the observable U(1) gauge field, NC correction
terms come from Okl,µ, which is proportional to the (observable) SW field strength F . Therefore, we conclude that,
in the region where the SW field strength F vanishes, we cannot detect the NC effect.
4III. NC AB EFFECT AND NC HALL EFFECT REVISITED
A. The AB topological phase
In the AB effect (and also Hall effect), we are interested in a stationary configuration A = A(~x), and look for the
stationary state with energy ω in the commutative coordinate representation. So we can put as
〈 ~x | ψ′(t) 〉 = ϕ(~x) exp(−iωt) , (3.1)
to give
(
ω + gA0(~x)− g θ
kl
2
Oˆkl,0(~x)
)
ϕ(~x) =
−1
2m
(
∂i − i gAi(~x) + i g θ
kl
2
Oˆkl,i(~x)
)2
ϕ(~x) . (3.2)
Now, let us assume A0 = 0. We define the area D by
Fij(~x) =
{
ǫijk Bk(~x) for ~x ∈ D
0 for ~x /∈ D , (3.3)
where B is the SW magnetic field. Since Fij = 0 outside D, the Schro¨dinger equation becomes
ω ϕ =
−1
2m
(∂j − i gAj)2 ϕ . (3.4)
Therefore, following the ordinary procedure, we obtain the AB topological phase,
Θ(C) := g
∮
C
dxk Ak(~x) = g
∫
int(C)
dSi Bi(~x) = g
∫
D
dSi Bi(~x) = gΦSW(D) . (3.5)
Due to U(1) character of the SW field for NC U(1) gauge transformation, the magnetic flux ΦSW(D) of the SW gauge
field is NC U(1) gauge invariant.
In conclusion, the AB phase in the NC case is the same as the ordinary AB phase in the commutative case without
θ-dependent term.
We compare our result with existent results[14, 15, 16], which assert that one can detect the noncommutativity of
the space. Chaichian et al.[14, 15] and Falomir et al.[16] estimated the holonomy of the NC U(1) gauge field A, and
obtained the result
Θexist.(C) = −
∫
C
dxi
(
Ai +
1
2
θjk
[
mvj∂kAi −Aj∂Ai
])
. (3.6)
On the other hand, our holonomy in the region of F = 0 is expressed as,
Θours(C) = (−1)
∫
C
dxi Ai(~x) = −
∫
C
dxi
(
Ai +
(−1)
2
Aj θ
jk
[
∂kAi + Fki
])
= Θexist.(C) +
m
2
θjk
∫
C
dxi vj∂kAi +
θjk
2
∫
C
dxi Aj Fki , (3.7)
where we take g = −1 in order to compare with theirs 1.
The second term in Eq.(3.7) can be rewritten as
θjk
∫
C
dxi vj∂kAi = θ
jk
∫
dt
dxi
dt
dxj
dt
∂kA+O(θ2)
= θjk
∫
dt
dxi
dt
dxj
dt
Fki − θjk
∫
dt
d2xj
dt2
Ak + θjk
∫
dt
d
dt
(
dxj
dt
Ak
)
+O(θ2) . (3.8)
1 They use the covariant derivative, Di = ∂i + i Ai.
5Because they estimated the holonomy Θexist. under the semiclassical approximation, we can use the equation of motion
to estimate the second term in Eq.(3.8). The equation of motion at the zeroth order in θ is given by
m
d2xj
dt2
= gFjk dx
k
dt
= −Fjk dx
k
dt
. (3.9)
Finally, we obtain
Θours(C) = Θexist.(C) +
m
2
θjk
∫
C
dxi
dxj
dt
Fki + m
2
θjk
∫
C
dxi ∂i
(
dxj
dt
Ak
)
+O(θ2) . (3.10)
In the region of F = 0, the second term in Eq.(3.10) vanishes. The third term is a surface term, so that for the closed
contour it vanishes, if x˙jAk is a one-valued function.
Thus, we have Θexist.(C) = Θours(C), that is, their results for a closed contour outside the solenoid (F = 0) are
rewritten in terms of the holonomy of the SW gauge field. So we cannot detect the noncommutativity of the space
through the AB effect, if we identify the SW gauge field strength as the physical one.
B. The Hall effect in the NC space
In this section, we reconsider the Hall effect in the NC space by using the unitarized Seiberg-Witten map. As is
mentioned in the introduction, even in the “classical” Hall effect without impurity and many-body interaction in
the NC space, there are divergent results. Therefore, we confine ourselves into the “classical” Hall effect and do not
consider the integer/fractional quantum Hall effect.
We start with the general formula (3.2). By taking the Landau gauge2
A0(~x, t) = E x1 , A1(~x, t) = 0 , A2(~x, t) = B x1 , (3.11)
Eq.(3.2) reduces to(
ω + g E x1 + i g θ
2
E(∂2 − i g Bx1)
)
ϕ(~x) =
−1
2m
(1 + g θB)
[
∂21 + (∂2 − i g Bx1)2
]
ϕ(~x) . (3.12)
Separating variables as ϕ(~x) = φ(x1) exp(i p2 x
2), we get
E φ(X) =
(−1
2m
∂2
∂X2
+
mω2c
2
X2
)
φ(X) , (3.13)
where
E :=
(
ω +
p2E
B +
m
2
E2
B2
)
(1− g θB) , X := x1 −
(
p2
gB +
mE
g B2
(
1− g θ
2
B
))
, (3.14)
and ωc := g B/m. The eigenvalue and eigenstate of Eq.(3.13) are well known to be
En =
(
n+
1
2
)
ωc , φn(X) = Cn exp
(
−mωc
2
X2
)
Hn
(√
mωc X
)
, (3.15)
where Cn is a normalization constant and Hn is the n-th Hermite polynomial.
Now we consider the current coupled to the SW U(1) gauge field A. From the action,
S =
∫
dtd2x ϕ∗
[
i
(
∂t − i gA0 + i g θ
kl
2
Oˆkl,0
)
+
1
2m
(
∂i − i gAi + i g θ
kl
2
Oˆkl,i
)2 ]
ϕ , (3.16)
2 In this case, using Eq.(2.9), the NC U(1) magnetic field B3 := F12 is related to the SW magnetic field B as B3 = B(1+ g θB)+O(θ2) =
B/(1− g θB)+O(θ2). Thus, the SW magnetic field B coincides with Nair and Polychronakos’ U(1) gauge magnetic field[24], up to O(θ).
6the expectation value of the matter current density coupled to A is given by
jµSW(~x, t) :=
δS
δAµ(~x, t) . (3.17)
In the gauge configuration (3.11), the expectation values of the total charge and total currents, J µ :=
∫
d2x jµSW(~x, t),
become (see Appendix A)
Q := J 0 = g
∫
d2x |ϕn |2 = g , (3.18)
J 2 = g
m
(1 + g θB)
∫
d2x ℑ[ϕ∗(D2ϕ) ] + g2 θ
2
E
∫
d2x |ϕn |2 = −g EB
(
1 +
g θ
2
B
)
+
g2 θ
2
E = −g EB , (3.19)
J 1 = 0 , (3.20)
where we have used the equation∫
d2x ℑ[ϕ∗(D2ϕ) ] =
∫
d2x
(
p2 − g B x1
) |ϕn |2 =
∫
d2x
[
− g BX − m EB
(
1− g θ
2
B
)]
|ϕn |2
= −m EB
(
1− g θ
2
B
)
. (3.21)
From Eq.(3.19), we have the Hall conductivity, which coincides with the ordinary Hall conductivity,
σNC = −g/B = −Q/B . (3.22)
IV. CONCLUDING REMARKS
We have considered the NC quantum mechanical system minimally coupled to the NC U(1) gauge field. By making
use of the unitarized SW map, this NC system has been transferred into an equivalent commutative system with the
usual U(1) gauge symmetry but with non-minimal couplings. As applications, we have reconsidered the AB effect
and the Hall effect in the NC space. The AB topological phase is just the SW magnetic flux (times g) through the
domain D. Thus, the AB phase in the NC space is the same as the ordinary AB phase in the commutative space
without θ-dependent term. The same thing also happens on the Hall conductivity in the NC space, which is given by
σNC = −g/B = −Q/B.
We note that the SW magnetic flux ΦSW is also equal to the “NC magnetic flux” in the case of a homogeneous
configuration along the NC magnetic field line. This can be seen as follows: Let Σ denote the two-dimensional plane
normal to the NC magnetic field line and choose ~x⊥ = (x
1, x2) as the two-dimensional coordinates on Σ. We also use
x3 as the coordinate along the NC magnetic field line. Furthermore, let D denote the support of the NC magnetic
field on Σ. Although we cannot generally define the “NC magnetic flux” in a gauge-invariant manner, in the case of
the homogeneous configuration, we have a natural gauge invariant “NC magnetic flux” as,
ΦNC :=
∫
R3
d3x B3(~x⊥)
/∫
d(x3) =
∫
R3
d(x3)d2x⊥ B
3(~x⊥)
/∫
d(x3) =
∫
R2
d2x⊥ B
3(~x⊥) . (4.1)
Because of the equality ∫
R3
d3x U ⋆ Fµν ⋆ U
† =
∫
R3
d3x Fµν ⋆ U
† ⋆ U =
∫
R3
d3x Fµν , (4.2)
the ΦNC is gauge invariant.
For the configuration, B1 = B2 = 0 and B3(~x⊥) with the support D, we obtain B1 = B2 = 0 and B3(~x⊥) in the
gauge, A1(~x⊥), A2(~x⊥) and A3 = 0, by using the relation between the SW magnetic field B and the NC magnetic
field Bi := (1/2)ǫijkFjk,
Bi = Bi + ∂j
(
g θjkAkBi
)
+O(θ2) . (4.3)
7We obtain
ΦSW(D) =
∫
D
d2x⊥ B3(~x⊥) =
∫
R2
d2x⊥ B3(~x⊥) =
∫
R2
d2x⊥
[
B3 − ∂j
(
g θjkAkB3
) ]
+O(θ2)
=
∫
R2
dx1dx2
[
B3 − ∂1
(
g θ12A2B3
)− ∂2 (g θ21A1B3) ]+O(θ2)
=
∫
R2
dx1dx2 B3 = ΦNC , (4.4)
because of B3 = 0 outside the domain D.
In any case, we cannot detect the NC effect through the AB effect and the (classic) Hall effect. However, in any real
experiment of the Hall effect, we must incorporate the impurity effect and many body correlation among the charged
particles, so that it is very interesting to consider the integer/fractional Hall effect in the NC space.
APPENDIX A: THE CURRENT DENSITY AND THE TOTAL CURRENT
The action (3.16) of the field ϕ is rewritten by
S[ϕ, A ] =
∫
dt dn−1x
[
ϕ∗i ∂0ϕ+ gA0 |ϕ|2 + g θ
kl
2
F0l ℑ
[
(Dkϕ)∗ ϕ
]
+
−1
2m
{(
δkl − g θm(kF l)m
)
(Dkϕ)∗(Dlϕ) + g θ
kl
4
(∂kF il) ∂i|ϕ |2
} ]
+ O(θ2) =:
∫
dnx L , (A1)
where Dµ is the covariant derivative with respect to the SW U(1) gauge field Aµ, Dµ := ∂µ − i gAµ.
The expectation value of the matter current density coupled to A defined by Eq.(3.17) becomes
j0SW(~x, t) = g |ϕ|2 −
g θkl
2
∂l ℑ
[
ϕ∗(Dkϕ)
]
, (A2)
jiSW(~x, t) =
g
m
{
δij − g θk(iF j)k
}
ℑ[ϕ∗(Djϕ) ] + g
m
∂j ℜ
[
(∂kϕ)
∗θk[i(Dj]ϕ) ] + g θij
4m
∂j△|ϕ|2
− g θ
ij
2
∂0 ℑ
[
ϕ∗(Djϕ)
]
+
g2 θij
2
F0j |ϕ|2 , (A3)
where we have used equations,
δ(Dνϕ)(y)
δAµ(x) = −i g δ
µ
ν δ(x − y)ϕ(y) ,
δFρσ(y)
δAµ(x) = 2 δ
µ
[σ ∂
y
ρ] δ(x− y) = 2 δµ[ρ ∂xσ] δ(x− y) . (A4)
Therefore, the expectation value of the total current, J µ :=
∫
d2x jµSW(~x, t), becomes
Q := J 0 = g
∫
dn−1x |ϕn |2 = g , (A5)
J i =
∫
dn−1x
[
g
m
{
δij − g θk(iF j)k
}
ℑ[ϕ∗(Djϕ) ]− g θij
2
∂0 ℑ
[
ϕ∗(Djϕ)
]
+
g2 θij
2
F0j |ϕ|2
]
. (A6)
For a stationary configuration, we have a convenient formula for the expectation value of the total current, as
follows: By the spatially homogeneous variation, Aµ(~x) 7→ Aµ(~x) + aµ, where aµ is a constant vector, the change in
the action up to O(a) is given by
δS =
∫
dnx
δS
δAµ(~x, t) aµ = aµ
∫
dnx
δS
δAµ(~x, t) −→
∂S[ϕ, A+ a ]
∂aµ
∣∣∣∣
a=0
=
∫
dnx
δS
δAµ(~x, t) =
∫
dt J µ(t) ,
so that, for a stationary configuration, we obtain a convenient formula
J µ = ∂S
∂aµ
∣∣∣∣
a=0
/∫
dt =
∫
dn−1x
∂L
∂Aµ . (A7)
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